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Parallel Implicit Time-Accurate Navier-Stokes Computations
Using Coarse Grid Correction
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A parallel implicit Navier-Stokes solver is constructed using a block-by-block inversion of the resulting linear
system of equations followed by a global coarse grid correction to account for the block coupling. This solver is
used to compute two different cases of vortex shedding flows. The efficiency of our method is compared to the
efficiency of the method based on pseudotime stepping and multigrid acceleration. This comparison is based on
direct comparison of the two methods applied to identical test cases, as well as results reported in the literature.
Emphasis is put on scalability as well as mesh sensitivity. It is concluded that the solver is not sensitive to grid
stretching and scales well with both problem size and number of processors, and it is shown that measured CPU

times compare well with the multigrid approach.

Introduction

S pointed out by several authors, the use of implicit methods

for computing unsteady flow can lead to a considerable gain
in efficiency over explicitmethods.! 3 This is because the unsteady
timescales for many engineering-typeflows can be several orders of
magnitude larger than the time-step limitation imposed by the sta-
bility criterion for explicit schemes. Thus, implicit schemes, where
the time step is governed by accuracy and not stability, may follow
a given time evolution in only a fraction of the time steps required
by an explicit method.

In 1991, Jameson* proposed an implicit algorithm based on the
multigrid method for the solution of unsteady flow. This method,
which has since been adopted by many others?->+¢ is based on in-
troducing a pseudotime and reformulating the nonlinear system of
equations to be solved at each time step as a steady-state problem.
An existing multigrid steady-state solver then can be used with mi-
nor modifications to solve the series of steady-state problems in
pseudotime.

Along the same lines, an implicit steady-state solver based on
the solution of a linearized problem at each time step also can be
modified easily to solve unsteady problems. The multigrid method
used to advance the solution in pseudotime simply is replaced by
implicit time stepping. For infinitely long time steps in pseudo-
time, this method is reduced to Newton’s method in the case of no
linearization errors and exact solution of the linearized system. In
practice, approximations are used in both the linearization and the
solution phases, yielding only an approximate version of Newton’s
method. The approximate Newton iterations sometimes are referred
to as subiterationson a given time step.

A straightforward way of parallelizing a computational fluid dy-
namics code is by means of the multiblock concept. The most com-
mon method is to advance the solution one time step independently
in each block, followed by an update of the block boundary condi-
tions. For implicit schemes, this yields a method in which implicit
time stepping is used within each block but with explicit coupling
between the blocks. This can be considered a block Jacobi method
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because the equations are solved for the unknowns in each block
on the basis of values of the unknowns from the previous time step
in the neighboring blocks. Although used with success by several
authors, it can be demonstrated that, for subsonic flows, the number
of iterations necessary to reach convergenceincreases as the number
of blocks is increased, and thus the method is not scalable to a large
number of processors.

To remedy this problem, a coarse grid correction scheme
(CGCS)%? is added to the block Jacobi method to retain global
influence in the solution procedure. The CGCS has proven to be
very efficient for steady-state Euler problems and does not suffer to
any great extent from the decay in the convergence rate often expe-
rienced with implicit methods as the number of blocks or processors
isincreased. We investigatethe efficiency of the CGCS for unsteady
Navier-Stokes problems by comparison with multigrid results re-
ported in the literature and from computations obtained with our
own multigrid solver.!’

Although measurements of CPU times on several parallel com-
puters are included, the emphasis is on the numerical efficiency of
the underlying method rather than the speed obtained on a given
computer architecture because an efficient scalable parallel algo-
rithm is the main requirement for any parallel code.

Governing Equations and Numerical Scheme

We are solving the compressible Navier-Stokes equations for an
ideal gas with constantviscosity. A finite volume approximationon a
structuredmultiblock grid is formulated in the usual manner by con-
sideringthe integral formof the equations. The convectivepart of the
fluxes is discretized with a third-order,upwind biased method based
on Roe’s scheme. Usually, limiters are applied to the extrapolation
procedure in this scheme to obtain a total variation diminishing
scheme, but this has not been necessary for the low-Mach-number
flow cases consideredin this work. The viscous fluxes are calculated
using central differencing. Derivatives of second-orderaccuracy are
first calculated with respect to the grid indices and then transformed
to derivatives with respect to the physical spatial coordinates.

Time Integration

Implicit and second-order-accurae time stepping is achieved by
a three-point, A-stable, linear multistep method'!:

LV, /AU =2V, /AU + 3(V, /AU~ = R(UM ) (1)

Here, R(U; *+1y is the sum of the flux contributions, V; is the volume
of the grid cell i, At is the time step, and the superscript n refers
to the time level. Equation (1) is solved by an approximate Newton
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iteration. Using / as the iteration index, it is customary to introduce
a modified residual

* n+1y _ n+1 3 n+1
RY(UM*Y)y = R(U ) = 2(v,/AanUM Y
+2(V,/ADU! — L(Vi /AU ! )
thatis to be drivento zero ateach time step by the iterative procedure
—oR 3V, !
— +>— AU = R([U! 3
(S +3x)sv=r@ D) o
updating at each iteration [U!T']'*! = [U'*'] + AU;. In our

implementation, as well as in most other similar codes, the Newton
procedure is approximate because inevitably some approximations
are used in the linearization of the flux vectors and also because
an iterative solver is used to solve the resulting linear system. In
particular,we use first-orderapproximationfor the implicit operator.

Thus, for each iteration of the Newton procedure, we have to
solve a linear system of equations that is septadiagonal in each
block. Ignoring the block interface conditions, this system is solved
concurrently in each block using a line Jacobi procedure. In this
work, except where otherwise stated, five iterationsof the line Jacobi
solver have been used, where for each iteration a tridiagonal system
is solved along lines in each spatial dimension. The iteration count
of five was chosen from experienceto give convergenceat each time
step in the lowest possible CPU time.

A CGCS’ is used to compensate for ignoring the block interface
conditions by adding global influence to the solution. The coarse
mesh is obtained by dividing the fine mesh into a suitable number
of cells by removing grid lines. The size of the coarse grid system
is chosen as the maximum that can be solved efficiently with a
parallel solver. In practice, it is the CPU time that sets the limit for
how fine a coarse grid can be used, although eventually memory
also would impose a limit. In our implementation, constructing a
coarse grid by merging four to five grid cells in each of the three
spatial dimensionsincreases the CPU time per iterationby 15-20%
compared with when the CGCS is not applied.

The CGCS is reviewed briefly. Using the subscript 4 to denote
the fine mesh and H for the coarse mesh, the method is described
in the following. In matrix form, we can write the linear system of
equations that we wish to solve at each Newton iteration as

A, AU, = R, @)

However, by ignoring the coupling between blocks, we actually
solve a different system that we can write symbolically as

AyAU, =R, )

Defining the error obtained by not solving the correct system as
e, = AU, — AUy, we have

Apen = Ry — Ahﬂjh (6)

In a classic multigrid fashion, we now formulate a coarse grid rep-
resentation of Eq. (6) based on a restriction operator IhH, Thus we
define

Ry = I}' (R, — A, AU,) @®)
and solve for the correction to ﬂ]h:
AyAUy = Ry 9

The solution to Eq. (9) is transformed to the fine grid by means of
the prolongation operator /", and finally the fine grid solution is
updated by

AU, = AU, + I, AUy (10)

As restriction operator, we use summation, and as prolongationop-
erator injection.!?

To solve the coarse grid system, any suitable parallel sparse matrix
solver can be applied. We have used a Jacobi-type iterative solver
that at each iteration inverts only the diagonal coefficients in the

coarse grid system. In most calculations, we have used 25 iterations
of the Jacobi solver to solve the coarse grid problem.

Reference Multigrid Code

To enable comparisons of the CGCS with the multigrid-based
approach, we have performed identical calculations with the CGCS
code and a multigrid code,!” based on the Jameson scheme.!* Our
multigrid code is based on a conservative cell-vertex finite volume
formulation. This type of scheme has the advantage, compared to
a standard cell-centered, finite volume scheme, of giving a fairly
accurate solution even on an irregular mesh.

The convective flux integrals are obtained by averaging the fluxes
from the four nearest-neighborcells. For the viscous terms, we first
form the gradient VU, using a staggered grid, and then we compute
the viscous flux integralin the same way as the convectiveones. The
discretizationsresult in a central-difference,nine-point approxima-
tion of both the convective and the viscous terms. A fourth-order
difference operator is added throughout the computational domain
to provide a base level of dissipation that will eliminate nonlinear
instabilities.

The space discretization forms a system of nonlinear ordinary
differentialequationsthatis integratedin time by means of a Runge-
Kutta multistep scheme. We use the following two-stage scheme,
having a maximum Courant-Friedrichs-Lewy (CFL) number of 1,
together with a local time-stepping technique:

U7 = U" + (At/V)R(U")

Ut = U + (At V)R(U" ) (1)

A short descriptionof the multigrid techniqueis given next. Con-
sider the steady Navier-Stokes equations written in the form

Ry(Uy) = fi (12)

where h denotes the mesh size; R, is the sum of the convective,
physical, and artificial dissipation operator; and f; is a source term
that is zero on the finest grid. Equation 12 can be approximately
solved by the two-step Runge-Kutta scheme (11).

The h grid residuals, f;, — R, (U;'* 1, are transferred to the next
coarser grid by an area-weighed average operator A2":

Ry (Uy) = Ry (12U ) + A2 [ f, — R, (UZY)]  (13)

Theterm /2" U} ™! denotesthe pointrestrictionof the 4 grid solution,
and R,, is the restriction of the operator R, to the 2/ grid. The
Runge-Kutta scheme also is applied to Eq. (13) with frozen value
of the right-hand side. At the first time step on grid 2k, Uy, is
initialized to the value I7*U* ™!, which implies that the iterations
on coarser grids are driven by the /-grid residuals. An improved
h-grid solution to Eq. (12) finally is obtained by applying bilinear
interpolation I}, to the coarse grid correction:

U= U 1y (U~ U

The procedure is repeated on a sequence of grids, using a full ap-
proximation scheme, until Eq. (12) is solved.

For time-dependent problems, we again write the equation in
terms of the modified residual 2 and introduce a pseudotime t,
leading to

dU

— =R"U) 14

dr
The equation is integrated to steady state using the multigrid tech-
nique. At each global time step R*(U) = 0, resulting in a time-
accurate solution.

Flow Around a Circular Cylinder

As a first test case, we use the vortex shedding from a circular
cylinder at Reynolds numbers from 50 to 200 for which the flow is
unsteady,laminar, and, at least in the lower range of Reynolds num-
bers, truly two dimensional. The Mach number in these calculations
was set to 0.2 to simulate nearly incompressible flow, where both
experimental data and computations by other authors are available.
An example of a calculated flowfield is shown by entropy isolines
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Fig.1 Calculated instantaneous entropy field behind a circular cylin-
der.

in Fig. 1. In all of our computations, we used a nondimensionaltime
step of 0.1, which corresponds to about 50 time steps per shedding
cycle. The nondimensional time step At is defined as

Af = Atv/D 15)

where At is the physical time step, v the freestream velocity, and D
the diameter of the cylinder.

In the following evaluation of our implicit scheme, we emphasize
scalability with grid size and number of blocks or processorsas well
as mesh sensitivity.Ideally, one seeks a method in which the number
of Newton iterationsrequired to reach a given convergencecriterion
is independent of the mesh size. That way, the required CPU time
would be proportional to the problem size. In the framework of
parallel computing, it is equally important that the required number
of iterations does not grow with increasing number of processors.
Also, the number of iterations should not depend on the cell aspect
ratio if the solver is to be used for highly stretched Navier-Stokes
meshes or for complex geometries.

A common problem with time-accurate implicit schemes is what
to use as a convergence criterion for the Newton iterations at each
time step. In theory, the error in the solution of the nonlinear system
should be significantly less than the local truncation error, but such
a criterionis difficult to constructin practice. Therefore, one usually
ends up with a criterionbased on areductionof the modified residual
down to a specified tolerance. However, a reduction of the residual
does not in all cases imply a reduction of the error. Indeed, a too-
weak residual-based convergence criterion sometimes can hide the
fact that some error modes are still present, although the solution
appears to have converged. Therefore, we have performed two sets
of tests. In the first test, an unusually strict convergencecriterion was
used over a shortintegration period to make sure that all error modes
are damped out evenly. Once this was confirmed, a second test was
carried out, using a tolerance of 0.01 for the relativereduction of the
modified residual. This tolerance was found to be sufficient for time
accuracy and is what one would use for normal production runs. It
is also of the same magnitude as what other authors have used for
similar problems.!*

Thus, we first test the CGCS and the reference methodson a series
of circular grids, each consisting of 128 x 128 cells, with the ratio
of the height of the innermost cell and the cylinder diameter set to
0.01,0.001,0.0001,and 0.00001.In each case the far-field boundary
was at 15 cylinder diameters from the center of the cylinder, and
the grid spacing in the radial direction was controlled by a constant
stretching factor. With a fully developed periodic solution as the
initial condition, a few time steps were run with the convergence
criterion set to 107 of the initial residual.

As shown in Fig. 2, when using the CGCS, the number of itera-
tions to reach the convergencecriterionis almost independentof the
grid stretching. In this case we used 64 blocks of size 4 x 64, with
64 being the number of cells in the direction normal to the cylinder
surface. In an equivalent test with the CGCS turned off, i.e., with a
block-Jacobi-typesubiterationat each time step, theresidual flattens
out after about three decades of reduction, as can be seen in Fig. 3.
This is almost certainly due to inferior damping of error modes with
long wavelengths because in this case there is no global coupling
exceptforthe updatingof block interface values between each subit-
eration. Thus, we can clearly see the improvementobtainedby using
CGCS and the need for a globally coupled solution procedure.
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Fig.2 Convergence history using CGC for different grid stretchings.
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Fig. 4 Convergence history using multigrid code for different grid
stretchings.

Figure 4 shows a third set of computations on the same series
of grids, this time using the multigrid code. In the case of smallest
grid stretching, this approach works well, but with increased cell
aspect ratios, the residual curves flatten out before the convergence
criterion is reached. From the analysis by Allmaras,'” it is clear that
the multigrid method does not perform efficiently on very stretched
meshes. This is explained by the fact that smooth waves are not suf-
ficiently damped by the coarsest grid because of the grid stretching.
Heuristically, the poor convergence can be explained by time-step
limitations in pseudotime imposed by the CFL condition for the
explicit Runge-Kutta scheme.

Next, we consider the scalability of the CGCS by a sequence of
three computationalgrids consistingof 64 x 64, 128 x 96, and 256 x
128 cells in the circumferential and radial directions, respectively.
The height of the innermost grid cells in this case was set to 0.002
cylinderdiameters. These grids then were partitionedinto a number
of blocks, and the code was run on an Intel Paragon parallel com-
puter. A series of partitioningsinto a differentnumber of blocks was
tested; the numbers of Newton iterations needed at each time step to
drivethe modified residualdown two decadesare showninFig. 5. As
we can see, for a given grid size, the number of iterationsis virtually
independentof the number of blocks. Also, the number of iterations
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Table1l CPU times per time step and grid point

Linpack Relative
CPU benchmark, CPU
Reference time, s Machine Mflop time, s
CGCS code 0.02 Paragon 10 1.0
Multigridcode  0.002  DEC Alpha 52 0.5
Belov et al.!4 0.01  IBMRISC 38 1.9
Alonso et al.3 0.0045 IBM RISC 38 0.9
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Fig.5 Number of Newton iterations as a function of number of blocks
for different grid sizes, for a convergence criterion of 10~ 2,

increases only slightly with growing grid size. In going from the
64 x 64 grid to the 256 x 128 grid—an increaseof the numberof cells
by a factor eight—the number of iterations goes from four to six.

An estimate of the efficiency of the present method compared to
that of the multigrid approach can be obtained by comparing the
CPU time required by the CGCS to that required by the multigrid
code and to results reported in the literature. In our case, with the
CGCS code, atwo-decadereductionof the residual at each time step
was obtained in six Newton iterations using 32 blocks on the finest
grid, corresponding to less than 0.02 s of CPU time per time step
and grid point when multiplied by the number of processorsused on
the Intel Paragon. The multigrid code was run on a DEC 3000-900
Alpha Axp, where the equivalent CPU time per time step and grid
point was 0.002 s, corresponding to about 20 multigrid cycles on a
total of six grid levels.

Almost identical computations have been reported by Belov
et al.'* They performed similar studies using pseudotime stepping
and multigrid to solve the incompressibletwo-dimensional Navier—
Stokes equations and reported a CPU time per time step and grid
pointof less than 0.01 s on an IBM RISC 6000-580. This was based
on relative reduction of the residual of about two decades, which
was obtained in 15 multigrid cycles.

In another paper, Alonso et al.> used a similar approach to solve
the compressible Navier-Stokes equationsaround an oscillatingcir-
cular cylinder for Re = 500 and a Mach number of 0.2. Using 36
time steps per oscillation period and 40 multigrid cycles per step,
they reporta CPU time correspondingto 0.0045 s on an IBM RISC
6000-580. They also performed a parallel computation on a 12-
processor IBM SP2 in which the accumulated CPU time on all
processors was reported to be the equivalent of 0.0075 s per time
step and grid point.

The measured CPU times are summarized in Table 1, together
with the Linpack benchmark!® for the computing speed of the re-
spective machines. A relative CPU time has been calculated by
scaling the reported CPU times with the CPU time of the CGCS
code and the ratio of the computing speed for the utilized computer
and that of a single Paragon processor. When comparing the rela-
tive CPU time, it should be taken into account that the CPU time
for the CGCS code includes the parallel overhead of running on
32 processors as well as the overhead associated with calculating
two-dimensional flow with a general three-dimensionalcode. Also,
to compare computation of incompressible flow, as in the case of
Belov et al.,'* with computation of compressible flow at Mach 0.2
leaves many uncertainties. We therefore simply conclude that the
two different methods have comparable efficiency.

Table2 Strouhal number, lift, and drag for Re = 200

Reference Sr C Cy
CGCS code 0.196 +0.70 1.38 £ 0.055
Multigrid code 0.195 +0.682 1.15 £ 0.050?
Belovet al.!4 0.193 +0.64 1.19 4 0.042
Experiments 0.197 e e

4Pressure forces only.
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V Belov et al.
—— Experiments
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Fig.6 Calculated Strouhal number; circular cylinder.

Validation results, in terms of the nondimensionalized frequency
or Strouhal number of the lift, are shown in Fig. 6 and compared to
a curve fit of experimental data!” and calculations by Belov et al.'*
Because the flow for these low Reynolds numbers develops a com-
pletely periodic behavior, the frequency of the computed global
forces can be determined easily. In Table 2, the Strouhal number,
lift, and drag are shown for Re = 200 and again compared to data
from the same sources. We refer to the paper of Belov et al.'* for
an overview of additional computations and experiments for this
case.

Flow over a Suspension-Bridge Deck

The flow over a section of a suspension-bridge deck is used as
an example of where the CGCS has been used for a realistic large-
scale, time-dependentcomputation. The aerodynamic properties of
a bridge deck are important factors in the design of long and slender
bridges because aeroelastic effects can result in various kinds of
vibrations and flutter.'"® Some experimental data exist for the Great
Belt bridge currently under constructionin Denmark,'® and we use
the cross section of this bridge as our test case. The geometry of the
bridge deck, with a typical view of the computed flowfield, can be
seen in Fig. 7. The Reynolds number used in the computations was
that of the wind-tunnel experiments, Re = 4.5 x 10%.

A large-eddy simulation (LES) was carried out on a three-
dimensional mesh consisting of a total of 3 x 10° grid cells obtained
by repeating a two-dimensional mesh 40 times in the third dimen-
sion over a distance of 0.2 times the width of the bridge deck. A
standard Smagorinsky subgrid-scale turbulence model was used in
this simulation. The dimensionless time step based on the width of
the profile was set in this case to 0.005 to capture turbulent fluctua-
tions. As before, the Mach number was set to 0.2 to simulate nearly
incompressibleflow. The results in terms of time-averaged pressure
distributionon the profile are shownin Fig. 8, and we see quite good
agreement with the measurements.

The computation was carried out on a Cray T3E using 48 pro-
cessors. However, the mesh was divided into a total of 664 blocks
so that each processor was assigned several blocks. This was done
to reduce the memory requirement by reducing the block size and
therebyalso the size of the temporary workspaceneeded. The coarse
grid was defined as consistingof 5 x 5 x 5 grid cells on the fine grid.
A total of 1000 iterations were carried out, using close to 20 CPU
hours. At each Newton iteration, 2 iterations of the linear solver
were applied in each block, together with 10 iterations of the global
coarse grid solver.

A convergencestudy on the number of Newton iterationsrequired
at each time step was carried out for this test case, using a coarser
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Fig.7 Computed instantaneous pressure distribution in a two-dimen-
sional plane around the Great Belt bridge deck.
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Fig. 8 Time-averaged pressure distribution on the suspension-bridge
deck for 6-deg angle of attack, computed using LES: Re = 4.5 X 10,
and o = 6.

1.4 T T T

Fig. 9 Time history of calculated drag coefficient for the suspension-
bridge deck using the CGCS with different numbers of Newton itera-
tions.

mesh consisting of about 750,000 grid cells, still divided into 664
blocks and with the coarse grid defined in the same way, i.e., by
merging 5 grid cells in each direction. In this case, 5 iterations of
the linear solver were applied, and 25 iterations were used for the
global coarse grid solver.

A series of short runs from the same initial conditions were per-
formed, and in each run, a fixed number of Newton iterations per
time step was specified. In Fig. 9, we can see the computed drag
over a dimesionless time of 0.4, using the CGCS with one, two,
three, or five Newton iterations as well as the converged result. The
result we consider as converged was obtained by using 20 Newton
iterations, which produced a curve that could not be distinguished

1.4 T T T

1.3

1.2

Cd

1.1

1.0
0.0 0.1 0.2 0.3 0.4

Fig.10 Time history of calculated drag coefficient for the suspension-
bridge deck using the block Jacobi method with different numbers of
Newton iterations.

from a curve obtained by 10 iterations. As we can see, there is al-
most no noticeable difference between the curves corresponding
to five iterations and the converged result. Even for two iterations,
the general shape of the curve is obtained, and for three iterations
the results seem nearly converged. Only for one iteration is there a
significant deviation from the converged result.

In a similar test, using the block Jacobi method, we see in Fig. 10
that for one, two, and five iterations there are still significant dis-
crepancies from the converged results. It can be seen that, even for
10 iterations the results are not completely converged, with an accu-
racy that seems to correspond to between 2 and 3 CGCS iterations.
Only after 20 Newton iterations were we able to obtain a curve that
exactly matched that of the converged result.

In these computations, the Jacobian was recomputed for each
iteration, meaning that the CPU time is directly proportional to the
number of iterations. It was found that, whereas the block Jacobi
method required 42.8 s on 16 processors, the GCGS needed 51.5 s,
or an increase of about 20%. We therefore can conclude that, for
this test case, the CGCS requires around one-third of the CPU time
needed by the block Jacobi method to converge to a given level of
accuracy.

Conclusions

We have seen that the CGCS is well suited for implicit time-
accurate Navier-Stokes computations. In our test, the CPU time
requirementsof the solver compare well with the popular multigrid-
based approach. The number of Newton iterations needed depends
only to a very small degree on the grid size and the number of blocks
used. Thus, the method is scalable in terms of both the problem size
and number of processors utilized.

It is demonstrated that the CGCS converges significantly faster
than the block Jacobi method for the test cases considered. It also
is shown that, for a realistic three-dimensional computation, the
computationaloverhead of the CGCS was around 20% and the CPU
time needed for a given level of accuracy was about one-third of the
CPU time required by the block Jacobi method.

Compared to the implicitmultigrid approach, our method appears
to be less sensitive to the cell aspect ratios in the computational
mesh. Thus, our method is particularly attractive for problems in-
volving highly stretched grids, as in the case of most Navier-Stokes
computations or for grids in complex geometries.

As seen, we have used fairly high numbers of iterations for both
the point Jacobi solver on the coarse grid and the line relaxationon
the fine grid in each block. We therefore believe that our results are
not greatly influenced by our choice of solvers and that any other
suitable iterative linear solvers could have been used with similar
results. Thus, it should be emphasized that the CGCS is not specific
to our particular implicit scheme; it could be built on top of any
implicit multiblock solver based on the solution to the linearized
equations in each block.
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